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Abstract
We reduce M-theory on a G2 orbifold with co-dimension four singularities, taking explicitly into
account the additional gauge fields at the singularities. As a starting point, we use 11-dimensional
supergravity coupled to seven-dimensional super-Yang-Mills theory, as derived in a previous paper.
The resulting four-dimensional theory has N = 1 supersymmetry with non-Abelian N = 4 gauge
theory sub-sectors. We present explicit formulae for the Ka¨hler potential, gauge-kinetic function
and superpotential. In the four-dimensional theory, blowing-up of the orbifold is described by a
Higgs effect induced by continuation along D-flat directions. Using this interpretation, we show
that our results are consistent with the corresponding ones obtained for smooth G2 spaces. In
addition, we consider the effects of switching on flux and Wilson lines on singular loci of the G2
space, and we discuss the relation to N = 4 SYM theory.
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1 Introduction
As is well known, the low-energy approximation for M-theory on a smooth space-time is 11-dimensional
supergravity [1]. On a singular space-time this approximation is also valid in the smooth regions.
However, there is, in general, an extra field content localized at each singularity. For example, M-
theory on R1,9×S1/Z2 is approximated by the famous Horˇava-Witten theory [2] at low-energies. In
this case, 11-dimensional supergravity is coupled to two 10-dimensional E8 super-Yang-Mills theories,
one living at each of the orbifold fixed planes.
The space-times we consider in this paper contain co-dimension four singularities of A-type,
that is, singularities of the form C2/ZN . It is well-known [3, 4] that the additional states which
appear at these singularities are SU(N) gauge multiplets. The associated effective theory for M-
theory on spaces of the form M7 × C2/ZN , where M7 is a smooth seven-dimensional space with
Minkowski signature, has been derived for the first time in a recent paper [5]. This theory couples
11-dimensional supergravity, with fields suitably constrained in accordance with the orbifold sym-
metry, to seven-dimensional N = 1 super-Yang-Mills at the orbifold fixed point. With this action
available, it is now possible to carry out an explicit reduction to four-dimensions of M-theory on a
space containing C2/ZN singularities. These singularities are of particular importance in the context
of M-theory on G2 spaces. As is well-known [6], M-theory on a smooth G2 space [7]–[16] leads to
phenomenologically uninteresting four-dimensional N = 1 theories with Abelian vector multiplets
and uncharged chiral multiplets. For this reason, singular G2 spaces have been considered in the
literature [3, 4],[17]–[34]. In particular, compactification with A-type singularities, which lead to
four-dimensional SU(N) gauge multiplets, can be seen as a first step towards successful particle
phenomenology from M-theory on G2 spaces.
The main theme of this paper is to study such compactifications of M-theory, using the action
of Ref. [5] to explicitly describe the non-Abelian gauge fields which arise at the singularities. The
relevant G2 spaces are constructed by dividing a seven-torus T 7 by a discrete symmetry group Γ,
such that the resulting singularities are of co-dimension four and of A-type. We will then perform the
reduction to four dimensions on these spaces. This includes the reduction of the seven-dimensional
SU(N) gauge theories on the three-dimensional singular loci within the G2 space. For the orbifold
examples considered in this paper, the singular loci will always be three-tori, T 3. Hence, while the full
four-dimensional theory is N = 1 supersymmetric, the gauge sub-sectors associated to each singular-
ity have enhanced N = 4 supersymmetry. Let us split the four-dimensional field content into “bulk
fields” which descend from 11-dimensional supergravity and “matter fields” which descend from the
seven-dimensional super-Yang-Mills theories at the singularities. The bulk fields correspond to the
moduli of the G2 space (plus associated axions from the M-theory three-form). For the G2 spaces
we consider, the only geometrical parameters that survive the orbifolding are the seven radii of the
torus. Hence we have seven moduli T˜A in the reduced theory. At an orbifold singularity these moduli
can be divided up into T˜ 0 and T˜mi, where m = 1, 2, 3 and i = 1, 2. The modulus T˜ 0 can be thought
of as corresponding to the volume of the three-torus locus of the singularity, while the T˜mi depend
on one radius Rm of the singular locus and two radii of T 7 transverse to the singularity. For each
singularity, the matter fields consist of N = 1 vector multiplets with gauge group SU(N), plus three
chiral multiplets Cam per vector multiplet, where m = 1, 2, 3 and a is an adjoint index of the gauge
group. This is indeed the field content of the N = 4 theory in N = 1 language.
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Let us now summarise our main results. If we focus on one particular singularity, the Ka¨hler
potential, gauge-kinetic function and superpotential of the four-dimensional effective theory are given
by
K =
7
κ24
ln 2− 1
κ24
6∑
A=0
ln(T˜A + ¯˜T
A
) +
1
4λ24
3∑
m=1
(Cma + C¯ma )(Cam + C¯am)
(T˜m1 + ¯˜Tm1)(T˜m2 + ¯˜Tm2)
, (1.1)
fab =
1
λ24
T˜ 0δab , (1.2)
W =
κ24
24λ24
fabc
3∑
m,n,p=1
ǫmnpCamCbnCcp . (1.3)
These expressions constitute the leading order terms of series expanded in terms of the parameter
h4 = κ4/λ4, that is, the gravitational coupling divided by the gauge coupling. Complete expressions
for the above quantities involve a sum over all singularities and are given in Section 3.
It is interesting to compare these results with those found by compactification on the associated
smooth G2 space, obtained by blowing-up the singularities. The construction of smooth G2 spaces
in this way has been pioneered by Joyce [9] and the associated four-dimensional effective theories
for M-theory on such G2 spaces have been computed in Refs. [13, 15]. For an explicit comparison, it
is useful to recall that the geometrical procedure of blowing-up can be described within the SU(N)
gauge theory as a Higgs effect, whereby VEVs are assigned to the (real parts of the) Abelian matter
fields Cim along the D-flat directions [5]. This generically breaks SU(N) to its maximal Abelian
subgroup U(1)N−1 and leaves only the 3(N − 1) chiral multiplets Cim massless. This field content
corresponds precisely to the zero modes of M-theory on the blown-up geometry, with the Abelian
gauge fields arising as zero modes of the M-theory three-form on the N−1 two-spheres of the blow-up
and the chiral multiplets corresponding to its moduli. With this interpretation of the blowing-up
procedure we can compare the above Ka¨hler potential, restricted to the Abelian matter fields Cim,
to the smooth result. We find that subject to a suitable embedding of the Abelian group U(1)N−1
into SU(N) they are indeed exactly the same, provided the Abelian matter fields Cim are identified
with the blow-up moduli. Also note that, when restricted to the Abelian fields Cim, the above
superpotential (1.3) vanishes (consistent with the result one obtains in the smooth case).
We also show that the superpotential (1.3) can be obtained from a Gukov-type formula which
involves the integration of the complexified Chern-Simons form of the seven-dimensional SU(N) gauge
theory over the internal three-torus T 3. In addition, we show explicitly that the superpotential for
Abelian flux of the SU(N) gauge fields on T 3 is correctly obtained from the same Gukov formula,
an observation first made in Ref. [32]. This result provides a further confirmation for the matching
between the singular and smooth theories as the flux superpotential in both limits is of the same
form if the field identification suggested by the comparison of Ka¨hler potentials is used.
Finally, we consider one of the N = 4 sectors of our action with gravity switched off. We point
out that singular and blown-up geometries correspond to the conformal phase and the Coulomb
phase of this N = 4 theory, respectively. Additionally, its S-duality symmetry translates into a
T-duality on the singular T 3 locus. We speculate about a possible extension of this S-duality to the
full supergravity theory and analyse some of the resulting consequences.
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The plan of the paper is as follows. In Section 2 we write down the effective supergravity action
for M-theory on a space-time M7 × C2/ZN . The reduction of this theory on singular G2 spaces
is then carried out in Section 3, and we discuss the identification of the results with those from
reduction on a smooth manifold. In Section 4, we study the effect of more complicated backgrounds,
with non-vanishing Wilson lines and flux and also discuss the relation to N = 4 SYM theory. In ad-
dition, there are two appendices containing technical details. In the first appendix, the construction,
geometry, and topology of orbifold based G2 manifolds is discussed. There is also a list of sixteen
possible orbifold groups that lead to singular G2 manifolds for which the results of this paper are
directly applicable. The second appendix reviews the reducing M-theory on a smooth G2 manifold,
and then presents the Ka¨hler potential for M-theory on the blown-up orbifolds.
Let us state the index conventions we shall use for the various spaces we consider. We take
11-dimensional space-time to have mostly positive signature, that is (− + + . . .+), and use indices
M,N, . . . = 0, 1, . . . , 10 to label 11-dimensional coordinates (xM ). Four-dimensional coordinates
on R1,3 are labelled by (xµ), where µ, ν, . . . = 0, 1, 2, . . . , 3, while points on the internal G2 space
Y are labelled by coordinates (xA), where A,B, . . . = 4, . . . , 10. The coordinates of co-dimension
four singularities in the internal space will be denoted by (yAˆ), Aˆ, Bˆ . . . = 7, 8, 9, 10, while the
complementary three-dimensional singular T 3 locus has coordinates xm, with m,n, . . . = 4, 5, 6.
To describe the seven-dimensional gauge theories it is also useful to introduce coordinates (xµˆ),
µˆ, νˆ, . . . = 0, 1, . . . , 6 on the locus of the singularity. Underlined versions of all the above index types
denote the associated tangent space indices. We frequently use the term “bulk” to refer to the full
11-dimensional space-time.
2 M-theory on A-type singularities
In this section we review the effective supergravity action for M-theory on the space M11 = M7 ×
C
2/ZN , as constructed in Ref. [5]. This space has a seven-dimensional singular locus at the origin
of C2 on which an N = 1 super-Yang-Mills (SYM) theory with gauge group SU(N) resides. The
construction of Ref. [5] couples 11-dimensional supergravity to this seven-dimensional SYM theory
in a locally supersymmetric way. Hence the basic structure of this theory is
S = S11 + S7 , (2.1)
with S11 being the action of 11-dimensional supergravity, with fields suitably restricted in accordance
with the orbifold symmetry, and S7 being the seven-dimensional SYM action. This form of the action
is valid for a single singularity of the type C2/ZN . Later, in the context of G2 compactifications,
we will need a trivial extension of this action incorporating a number of similar seven-dimensional
actions S7, one for each singularity. In this section, we will focus on a single singularity for simplicity.
The above theory has been constructed as an expansion in h7 = κ7/λ7, where κ7 = κ
5/9
11 and λ7 is
the Yang-Mills coupling. The coupling, λ7, has been determined in Ref. [31] and is given in terms
of the 11-dimensional Newton constant κ11 as
λ27 = (4π)
4/3κ
2/3
11 . (2.2)
The bulk action, 11-dimensional supergravity, appears at zeroth order in this expansion, while the
Yang-Mills theory arises at higher order. We now proceed to discuss the action (2.1) order by order
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in this expansion, focusing on the bosonic parts.
The bosonic part of the 11-dimensional supergravity action [35] is given by
S11 = 1
2κ211
∫
M11
(
Rˆ ∗ 1− 1
2
G ∧ ∗G − 1
6
C ∧G ∧G
)
, (2.3)
where Rˆ is the Ricci scalar, associated with the 11-dimensional metric gˆ and vielbein eˆ, and C is a
three-form field with field strength G = dC. The supersymmetric transformation of the gravitino Ψ
is given by
δΨM = 2∇Mη + 1
144
(
Γ NPQRM − 8δNMΓPQR
)
ηGNPQR (2.4)
where η is an 11-dimensional Majorana spinor and ∇M is the spinor covariant derivative defined by
∇M = ∂M + 1
4
ωˆ
MN
M ΓMN . (2.5)
We are working in the “up-stairs” picture for the orbifold and, hence, the fields in this action have
to be constrained by the orbifold symmetry. The ZN generator R, acting on the orbifold coordinates
as yAˆ → RAˆBˆyBˆ , is explicitly taken to be
(RAˆBˆ) =

cos(2π/N) − sin(2π/N) 0 0
sin(2π/N) cos(2π/N) 0 0
0 0 cos(2π/N) − sin(2π/N)
0 0 sin(2π/N) cos(2π/N)
 . (2.6)
As an example of the ZN restrictions which have to be imposed on the fields we present the constraint
on the purely internal part of the metric. It is given by
gˆAˆBˆ(xˆ, Ryˆ) =
(
R−1
)
Aˆ
Cˆ(
R−1
)
Bˆ
Dˆ
gˆCˆDˆ(xˆ, yˆ) , (2.7)
and analogously for the other field components. A full list of these constraints can be found in
Ref. [5].
When the bulk fields are constrained to the orbifold point, y = 0, the above field restrictions turn
into truncations of the fields. In the language of seven-dimensional N = 1 supergravity, these trun-
cated fields then correspond to a gravity multiplet and one (three) Abelian vector multiplet(s) for ZN
with N > 2 (for Z2). The various scalar fields in those multiplets parameterise an SO(3, 1)/SO(3)
coset for N > 2 and an SO(3, 3)/SO(3)2 coset for N = 2. The seven-dimensional part of the action
which we are going to discuss describes the coupling of these “bulk-induced” multiplets to the gen-
uine seven-dimensional SU(N) multiplets.
We now proceed with a discussion, following Ref. [5], of the seven-dimensional super-Yang-Mills
theory located at the seven-dimensional singular locus y = 0. It can be expanded as
S7 = λ−27
(
S(0)7 + h27S(2)7 + h47S(4)7 + . . .
)
, (2.8)
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where the S(n)7 , n = 0, 2, 4, . . . are independent of h7. The leading order contribution S(0)7 has
been derived in Ref. [5], using results [36, 37] for seven-dimensional N = 1 Einstein-Yang-Mills
supergravity. Dropping the fermionic terms from the result in Ref. [5], one finds for the leading term
S(0)7 =
∫
R1,3×B
d7x
√
−gˆ
(
−1
4
HabF
a
µˆνˆF
bµˆνˆ − 1
2
HaIF
a
µˆνˆF
Iµˆνˆ − 1
4
(δH)IJF
I
µˆνˆF
Jµˆνˆ
−1
2
eτ DˆµˆφauDˆµˆφau − 1
2
(δK)IuJv ∂µˆℓ
Iu∂µˆℓJv +
1
4
DauDau
)
−1
4
∫
R1,3×B
C ∧ F a ∧ Fa , (2.9)
where
Hab = δab , (2.10)
HaI = 2φauℓI
u , (2.11)
(δH)IJ = 2φauφ
a
vℓ
u
I ℓ
v
J , (2.12)
(δK)IuJv = e
τφauφ
a
vδαβℓI
αℓJ
β , (2.13)
Dau =
i√
2
ǫuvwe
τfabcφ
bvφcw . (2.14)
The covariant derivatives that appear are given by
DµˆAνˆa = ∂µˆAνˆa − ΓˆρˆµˆνˆAρˆa + f cab AbµˆAcνˆ , (2.15)
Dˆµˆφ ua = ∂µˆφ ua −
(
ℓIu∂µˆℓIv
)
φa
v + fab
cAbµˆφc
u . (2.16)
The bosonic fields localized on the orbifold plane are the SU(N) gauge vectors F a = DAa and
the SO(3) triplets of scalars φa
u, where u = 1, 2, 3. All other fields are projected from the bulk
onto the orbifold plane and correspond to the bosonic parts of the seven-dimensional gravity and
Abelian vector multiplets mentioned earlier. There are algebraic equations relating them to the
11-dimensional fields in S11. These relations are trivial for the metric gˆµˆνˆ and three-form Cµˆνˆρˆ, both
part of the seven-dimensional gravity multiplet. For the other fields we have
τ =
1
2
ln det gˆAˆBˆ , (2.17)
ℓ
J
I =
1
4
tr
(
t¯Ivt
JvT
)
, (2.18)
F Iµˆνˆ = −
1
4
tr
(
tIGµˆνˆ
)
. (2.19)
Here Gµˆνˆ ≡ (GµˆνˆAˆBˆ), v ≡ (eτ/4eˆAˆBˆ), and ℓ
J
I ≡ (ℓIu, ℓIα), α = 4, 5, 6. The indices I, J, . . . = 1, . . . , 6
and the matrices tI are the generators of SO(4). (For convenience they are taken in a particular
representation given in Ref. [5].) The scalar field τ , effectively the overall scale factor of the orb-
ifold, is also part of the seven-dimensional gravity multiplet. The matrices ℓI
J contain the moduli
of the orbifold and parameterise an SO(3, 1)/SO(3) coset for N > 2 and an SO(3, 3)/SO(3)2 coset
for N = 2. From the viewpoint of seven-dimensional supergravity, these cosets contain the scalar
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fields in the Abelian vector multiplets. Finally, the vector fields F I descend from the M-theory
four-form G, with three of them becoming part the seven-dimensional gravity multiplet and the
remaining ones accounting for the vector multiplets. For the Z2 case, the orbifold symmetry imposes
no constraints on the F I and there are three U(1) vector multiplets. For the case N > 2, there is an
orbifold constraint, and this imposes F 5 = F 6 = 0, so there is only one U(1) vector multiplet present.
We finish this section by giving the structure of fermionic supersymmetry transformations at
the singularity. Firstly, the gravitino sees a correction to its supersymmetry transformation that, to
leading order, is given schematically by
δΨ ∼ κ
2
11
λ27
δ(4)(yAˆ)
{
φaDˆφa + eτ
(
F IℓIφ
aφa + F
aφa
)
+ fabcφ
aφbφc
}
η. (2.20)
Secondly, the leading order supersymmetry transformation of the gaugino λa takes the form
δλa ∼
{
Dˆφa + eτ (F IℓIφa + F a)+ fabcφbφc} η . (2.21)
For the purposes of this paper precise formulae for these transformations are not needed. Such
formulae are however computed in Ref. [5], taking account of some subtleties with identification of
11- and 7-dimensional fermions.
3 The four-dimensional effective action on a G2 orbifold
In this section, we will calculate the four-dimensional effective theory for M-theory on a G2 orbifold,
using the action (2.1), (2.3), (2.9) for 11-dimensional supergravity coupled to seven-dimensional
super-Yang-Mills theory. We assume theG2 orbifold Y takes the form T 7/Γ, where T 7 is a seven-torus
and Γ is a discrete group of symmetries of T 7. We assume further that the fixed points of the orbifold
group Γ are all of co-dimension four, and also that points on the torus that are fixed by one generator
of Γ are not fixed by other generators. A class of such orbifolds was constructed in Ref. [7, 8, 9, 15],
and are described in Appendix A. According to the ADE classification, the singularities of Y are
then all of type AN−1 = ZN , for some N [15]. Furthermore, the approximate form of Y near a
singularity is C2/ZN × T 3, where T 3 is a three-torus. The coordinates of the underlying torus T 7
are denoted by (xA), where we change the range of indices to be A,B, . . . = 1, . . . , 7, for convenience.
For most of this section, we will focus on one such singularity for simplicity. In the neighbourhood of
a singularity, M-theory is described by the seven-dimensional action reviewed in the previous section.
Without loss of generality, we consider this singularity of Y to be located at x4 = x5 = x6 = x7 = 0
and we split coordinates according to
(xA)→ (xm, yAˆ) , (3.1)
where m,n, . . . = 1, 2, 3 and Aˆ, Bˆ, . . . = 4, 5, 6, 7. The generator (2.6) of the ZN symmetry then acts
on the coordinates (yAˆ).
For the purpose of our calculation, it is convenient to work with the orbifold rather than any
partially blown-up version thereof. However, we will see later that the possibility of blowing up some
of the singularities can, in fact, be effectively described within the low-energy four-dimensional gauge
theories associated with the singularities.
6
3.1 Background solution and zero modes
Let us now discuss the M-theory background on M11 = R1,3 × Y. Throughout our calculations we
take the expectation values of fermions to vanish. This means that we only need concern ourselves
with the bosonic equations of motion. For the bulk 11-dimensional supergravity these are
dG = 0 , (3.2)
d ∗G = −1
2
G ∧G , (3.3)
RˆMN =
1
12
(
GMPQRGN
PQR − 1
12
gˆMNGPQRSG
PQRS
)
. (3.4)
We take the background metric 〈gˆ〉 to be general Ricci flat, while for the three-form, we choose
vanishing background 〈C〉 = 0. For Y being a toroidal G2 orbifold, the Ricci flatness condition implies
〈gˆ〉 has constant components. In addition, these components should be constrained in accordance
with the orbifold symmetry. Truncating these 11-dimensional fields to our particular singularity, this
background leads to constant seven-dimensional fields 〈τ〉 and 〈ℓIJ〉, and vanishing 〈AIµˆ〉, according
to the identifications (2.17)-(2.19). Substituting this background into the field equations for the
localised fields gives
DF = 0 , (3.5)
DµˆF aµˆνˆ = e〈τ〉fabcφbuDˆνˆφcu , (3.6)
DˆµˆDˆµˆφau = − i
√
2
2
ǫuvwfabcφ
bvDcw . (3.7)
A valid background is thus obtained by setting the genuine seven-dimensional fields to zero, that is,
〈Aaµˆ〉 = 0, and 〈φau〉 = 0. With these fields switched off, the singularity causes no modification to
the background for the bulk fields.
We now discuss supersymmetry of the background. Substitution of our background into the
fermionic supersymmetry transformation laws (2.4), (2.20), (2.21) makes every term vanish except
for the ∇Mη term in the variation of the gravitino. Hence, the existence of precisely one Killing
spinor on a G2 space guarantees that our background is supersymmetric, with N = 1 supersymme-
try from a four-dimensional point of view.
Let us now discuss the zero modes of these background solutions, both for the bulk and the lo-
calised fields. We begin with the bulk zero modes. All the orbifold examples discussed in Appendix A
restrict the internal metric to be diagonal (and do not allow any invariant two-forms) and we will
focus on examples of this type in what follows. Hence, the 11-dimensional metric can be written as
ds2 =
(
7∏
A=1
RA
)−1
gµνdx
µdxν +
7∑
A=1
(
RAdxA
)2
. (3.8)
Here the RA are precisely the seven radii of the underlying seven-torus. The factor in front of the
first part has been chosen so that gµν is the four-dimensional metric in the Einstein frame. There
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exists a G2 structure ϕ, a harmonic three-form, associated with each Ricci flat metric. For the
seven-dimensional part of the above metric and an appropriate choice of coordinates it is given by
ϕ = R1R2R3dx1 ∧ dx2 ∧ dx3 +R1R4R5dx1 ∧ dx4 ∧ dx5 −R1R6R7dx1 ∧ dx6 ∧ dx7
+R2R4R6dx2 ∧ dx4 ∧ dx6 +R2R5R7dx2 ∧ dx5 ∧ dx7 +R3R4R7dx3 ∧ dx4 ∧ dx7
−R3R5R6dx3 ∧ dx5 ∧ dx6. (3.9)
It is the coefficients of ϕ that define the metric moduli aA, where A = 0, . . . , 6, in the reduced theory,
and these become the real bosonic parts of chiral superfields. We thus set
a0 = R1R2R3, a1 = R1R4R5, a2 = R1R6R7, a3 = R2R4R6,
a4 = R2R5R7, a5 = R3R4R7, a6 = R3R5R6.
(3.10)
Since there are no one-forms on a G2 space, and our assumption above states that there are no
two-forms on Y, the three-form field C expands purely in terms of three-forms, and takes the same
form as ϕ, thus
C = ν0dx1 ∧ dx2 ∧ dx3 + ν1dx1 ∧ dx4 ∧ dx5 − ν2dx1 ∧ dx6 ∧ dx7 + ν3dx2 ∧ dx4 ∧ dx6
+ν4dx2 ∧ dx5 ∧ dx7 + ν5dx3 ∧ dx4 ∧ dx7 − ν6dx3 ∧ dx5 ∧ dx6. (3.11)
The νA become axions in the reduced theory, and pair up with the metric moduli to form the
superfields
TA = aA + iνA. (3.12)
In general, not all of the TA are independent. In fact, a simple procedure determines which of the
TA are constrained to be equal. Each generator ατ of the orbifold group Γ acts by simultaneous
rotations in two planes, corresponding to index pairs (A,B) and (C,D) say. If the order of ατ is
greater than two, then we identify RA with RB and RC with RD. We go through this process for all
generators of Γ and then use (3.10) to determine which of the aA, and hence TA, are equal.
We now discuss a convenient re-labelling of the metric moduli, adapted to the structure of the
singularity. Under the identification of coordinates (3.1), the metric modulus a0 can be viewed as
the volume modulus of the three-torus locus T 3 of the singularity. The other moduli, meanwhile,
are each a product of one radius of the torus T 3 with two radii of Y transverse to the singularity. It
is sometimes useful to change the notation for these moduli to the form ami where m = 1, 2, 3 labels
the radius on T 3 that ami depends on, and i = 1, 2. Thus
a11 = a1, a12 = a2, a21 = a3, a22 = a4 a31 = a5, a32 = a6. (3.13)
We will also sometimes make the analogous change of notation for νA and TA.
Having listed the bulk moduli, we now turn to the zero modes associated with the singularity.
The decomposition of seven-dimensional fields works as follows. We take the straightforward basis
(dxm) of harmonic one-forms on the three-torus, so Aaµˆ simply decomposes into a four-dimensional
vector Aaµ plus the three scalar fields A
a
m under the reduction. The seven-dimensional scalars φau
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simply become four-dimensional scalars. Setting
ba
m = −Ama, (3.14)
ρa
1 =
√
a11a12φa
3, (3.15)
ρa
2 = −
√
a21a22φa
2, (3.16)
ρa
3 =
√
a31a32φa
1, (3.17)
we can define the complex fields
Cam = ρam + ibam . (3.18)
As we will see, the fields Cam are indeed the correct four-dimensional chiral matter superfields.
The moduli in the above background solutions are promoted to four-dimensional fields, as usual,
and we will call the corresponding bulk fields gˆ(0) and C(0), in the following. In a pure bulk theory, this
would be a standard procedure and the reduction to four dimension would proceed without further
complication. However, in the presence of localised fields there is a subtlety which we will now
discuss. Allowing the moduli to fluctuate introduces localised stress energy on the seven-dimensional
orbifold plane and this excites the heavy modes of the theory which we would like to truncate in
the reduction. This phenomenon is well-known from Horˇava-Witten theory and can be dealt with
by explicitly integrating out the heavy modes, thereby generating higher-order corrections to the
effective theory [38]. As we will now argue, in our case these corrections are always of higher order.
More precisely, we will compute the four-dimensional effective theory up to second order in derivatives
and up to order κ
4/3
11 , relative to the leading gravitational terms. Let gˆ
(1) and C(1) be the first order
corrections to the metric and the three-form which originate from integrating out the localised stress
energy on the orbifold plane, so that we can write for the corrected fields
gˆ(B) = gˆ(0) + κ
4/3
11 gˆ
(1) , (3.19)
C(B) = C(0) + κ
4/3
11 C
(1) . (3.20)
We note that these corrections are already suppressed by κ
4/3
11 relative to the pure background fields.
Therefore, when inserted into the orbifold action (2.9), the resulting corrections are of order κ
8/3
11 or
higher and will, hence, be neglected. Inserted into the bulk action, the fields (3.19) and (3.20) lead
to order κ
4/3
11 corrections which can be written as
δS7 = h27gˆ(1)MN
δS11
δgˆMN
∣∣∣∣
gˆ=gˆ(0), C=C(0)
+ h27C
(1)
MNP
δS11
δCMNP
∣∣∣∣
gˆ=gˆ(0), C=C(0)
. (3.21)
Let us analyse the properties of the terms contained in this expression. The functional derivatives in
the above expression vanish for constant moduli fields since the background configurations gˆ(0) and
Cˆ(0) are exact solutions of the 11-dimensional bulk equations in this case. Hence, allowing the moduli
fields to be functions of the external coordinates, the functional derivatives must contain at least
two four-dimensional derivatives. All terms in gˆ(1) and Cˆ(1) with four-dimensional derivatives will,
therefore, generate higher-dimensional derivative terms in four dimensions and can be neglected. The
only terms which are not of this type arise from the D-term potential and covariant derivatives on
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the orbifold plane and they appear within gˆ(1). These terms are of order κ4/3 and should in principle
be kept. However, they are of fourth order in the matter fields Cam and contain two four-dimensional
derivatives acting on bulk moduli. They can, therefore, be thought of as corrections to the moduli
kinetic terms. As we will see, the Ka¨hler potential of the four-dimensional theory can be uniquely
fixed without knowing these correction terms explicitly.
3.2 Calculation of the four-dimensional effective theory
We will now reduce our theory to four dimensions starting with the lowest order in the κ expansion,
that is, with the bulk theory. The reduction of the bulk theory leads to a well-defined four-dimensional
supergravity theory in its own right. We shall keep technical discussion to a minimum, and refer
the reader to Appendix B for further details of the method of reduction. The superpotential and
D-term vanish when one reduces 11-dimensional supergravity on a G2 space [10, 12]. Also, we have
no gauge fields to consider since our G2 orbifolds do not admit two-forms. Thus we need only specify
the Ka¨hler potential to determine the four-dimensional effective theory. To compute this we use the
formula
K = − 3
κ24
ln
(
V
v7
)
, (3.22)
given in Ref. [12]. Here, V is the volume of the G2 space Y as measured by the internal part g of
the metric (3.8), and v7 is a reference volume,
V =
∫
Y
d7x
√
det g , v7 =
∫
Y
d7x . (3.23)
Here the four-dimensional Newton constant κ4 is related to its 11-dimensional counterpart by
κ211 = κ
2
4v7 . (3.24)
For the G2 orbifolds considered the volume is proportional to the product of the seven radii R
A in
Eq. (3.8). The precise form of the Ka¨hler potential for 11-dimensional supergravity on Y = T 7/Γ is
then given by
K0 = − 1
κ24
6∑
A=0
ln
(
TA + T¯A
)
+
7
κ24
ln 2 . (3.25)
In order to perform the reduction of the seven-dimensional Yang-Mills theory on the singular locus
T 3 to four dimensions, we need to express the truncated bulk fields F Iµˆνˆ , ℓIJ and τ in terms of the
bulk metric moduli aA and the bulk axions νA. We do this by using the formulae (3.8), (3.10), (3.11)
for the 11-dimensional fields in terms of aA and νA, together with the field identifications (2.17)-
(2.19) between 11-dimensional and seven-dimensional fields. We find that the only non-vanishing
components of F Iµˆνˆ are some of the mixed components F
I
µm, and these are given by
F 3µ1 =
1
2
(−∂µν11 − ∂µν12) , F 4µ1 = 12 (−∂µν11 + ∂µν12) ,
F 2µ2 =
1
2
(
∂µν
21 + ∂µν
22
)
, F 5µ2 =
1
2
(
∂µν
21 − ∂µν22
)
,
F 1µ3 =
1
2
(−∂µν31 − ∂µν32) , F 6µ3 = 12 (∂µν31 − ∂µν32) . (3.26)
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For the coset matrix ℓ, which is symmetric, we find the non-zero components
ℓ1
1 = ℓ6
6 =
a31 + a32
2
√
a31a32
, ℓ1
6 = ℓ6
1 =
a31 − a32
2
√
a31a32
,
ℓ2
2 = ℓ5
5 =
a21 + a22
2
√
a21a22
, ℓ2
5 = ℓ5
2 =
−a21 + a22
2
√
a21a22
, (3.27)
ℓ3
3 = ℓ4
4 =
a11 + a12
2
√
a11a12
, ℓ3
4 = ℓ4
3 =
−a11 + a12
2
√
a11a12
.
Finally, we have the following relation for the orbifold scale factor τ :
eτ = (a0)−2/3
3∏
m=1
(
am1am2
)1/3
. (3.28)
We now present the results of our reduction of bosonic terms at the singularity. We neglect terms of
the form Cn(∂T )2, where n ≥ 2, and thus neglect the back-reaction term δS7 in Eq. (3.21) completely.
From the seven-dimensional action S(0)7 in Eq. (2.9) we get the following terms, divided up into scalar
kinetic terms, gauge-kinetic terms and scalar potential:
L4,kin = − 1
2λ4
2
√−g
3∑
m=1
{
1
am1am2
(Dµρma Dµρam +Dµbma Dµbam)
−1
3
6∑
A=0
1
am1am2aA
∂µa
A (ρma Dµρam + bma Dµbam)
− 1
(am1)2am2
ρma
(
∂µν
m1Dµbam + ∂µam1Dµρam
)
− 1
am1(am2)2
ρma
(
∂µν
m2Dµbam + ∂µam2Dµρam
)}
, (3.29)
L4,gauge = − 1
4λ24
√−g
(
a0F aµνF
µν
a −
1
2
ν0ǫµνρσF aµνFaρσ
)
, (3.30)
V = 1
4λ24a
0
√−gfabcfade
3∑
m,n,p=1
ǫmnp
1
an1an2ap1ap2
(
ρbnρdnρcpρep + ρbnρdnbcpbep
+bbnbdnρcpρep + bbnbdnbcpbep
)
.(3.31)
The four-dimensional gauge coupling λ4 is related to the seven-dimensional analogue by
λ−24 = v3λ
−2
7 , v3 =
∫
T 3
d3x , (3.32)
where v3 is the reference volume for the three-torus. Note that the above matter field action is
suppressed relative to the gravitational action by a factor h24 = κ
2
4/λ
2
4 ∼ κ4/311 , as mentioned earlier.
11
3.3 Finding the superpotential and Ka¨hler potential
The above reduced action must be the bosonic part of a four-dimensional N = 1 supergravity and
we would now like to determine the associated Ka¨hler potential and superpotential. We start by
combining the information from the expression (3.25) for the bulk Ka¨hler potential K0 descending
from 11-dimensional supergravity with the matter field terms (3.29), (3.30) and (3.31) descending
from the singularity to obtain the full Ka¨hler potential. In general, one cannot expect the defini-
tion (3.12) of the moduli in terms of the underlying geometrical fields to remain unchanged in the
presence of additional matter fields. We, therefore, begin by writing the most general form for the
correct superfield T˜A in the presence of matter fields as
T˜A = TA + FA
(
TB , T¯B , Cam, C¯am
)
. (3.33)
Analogously, the most general form of the Ka¨hler potential in the presence of matter can be written
as
K = K0 +K1
(
TA, T¯A, Cam, C¯am
)
. (3.34)
Given this general form for the superfields and the Ka¨hler potential, we can work out the resulting
matter field kinetic terms by taking second derivatives of K with respect to T˜A and Cma . Neglecting
terms of order Cn(∂T )2, as we have done in the reduction to four dimensions, we find
L4,kin = −
√−g

3∑
m,n=1
∂2K1
∂Cma ∂C¯nb
DµCma DµC¯nb +
(
2
3∑
m=1
6∑
A=0
∂2K1
∂Cma ∂T¯A
DµCma ∂µT¯A + c.c.
)
+
 6∑
A,B=0
∂2K0
∂TA∂T¯B
∂µT
A∂µF¯B + c.c.
 . (3.35)
By matching kinetic terms (3.29) from the reduction with the kinetic terms in the above equation
(3.35) we can uniquely determine the expressions for the superfields T˜A and the Ka¨hler potential.
They are given respectively by
T˜A = TA − 1
24λ24
(
TA + T¯A
) 3∑
m=1
Cma C¯am
(Tm1 + T¯m1)(Tm2 + T¯m2)
, (3.36)
K =
7
κ24
ln 2− 1
κ24
6∑
A=0
ln(T˜A + ¯˜TA) +
1
4λ24
3∑
m=1
(Cma + C¯ma )(Cam + C¯am)
(T˜m1 + ¯˜Tm1)(T˜m2 + ¯˜Tm2)
. (3.37)
We now come to the computation of the gauge-kinetic function fab and the superpotential W .
The former is straightforward to read off from the gauge-kinetic part (3.30) of the reduced action
and is given by
fab =
1
λ24
T˜ 0δab. (3.38)
To find the superpotential, we can compare the scalar potential (3.31) of the reduced theory to the
standard supergravity formula [39] for the scalar potential
V = 1
κ44
√−geκ24K
(
KXY¯DXWDY¯ W¯ − 3κ24|W |2
)
+
√−g 1
2κ44
(Ref)−1abDaDb , (3.39)
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taking into account the above results for the Ka¨hler potential and the gauge kinetic function. This
leads to the superpotential and D-terms
W =
κ24
24λ24
fabc
3∑
m,n,p=1
ǫmnpCamCbnCcp, (3.40)
Da =
2iκ24
λ24
fabc
3∑
m=1
CbmC¯cm
(T˜m1 + ¯˜Tm1)(T˜m2 + ¯˜Tm2)
. (3.41)
It can be checked that these D-terms are consistent with the gauging of the SU(N) Ka¨hler potential
isometries, as they should be.
We are now ready to write down our formulae for the quantities that specify the four-dimensional
effective supergravity for M-theory on Y = T 7/Γ, including the contribution from all singularities.
To do this we simply introduce a sum over the singularities.
Let us present the notation we need to write down these results. We introduce a label (τ, s) for
each singularity, the index τ labelling the generators of the orbifold group, and s labelling the Mτ
fixed points associated with the generator ατ . We write Nτ for the order of the generator ατ . For
the 16 types of orbifolds, these integer numbers can be computed from the information provided in
Appendix A. Thus, near a singular point, Y takes the approximate form T 3(τ,s)×C2/ZNτ , where T 3(τ,s)
is a three-torus. The matter fields at the singularities we denote by (C(τ,s))ma and it is understood
that the index a transforms in the adjoint of SU(Nτ ). The gauge couplings depend only on the type
of singularity, that is on the index τ , and are denoted by λ(τ). M-theory determines the values of
these gauge couplings, and they can be derived using equations (2.2), (3.24) and (3.32). We find
λ2(τ) = (4π)
4/3 v
1/3
7
v
(τ)
3
κ
2/3
4 (3.42)
in terms of the reference volumes v7 for Y and v(τ)3 for T 3(τ,s).
The respective formulae for the moduli superfields, Ka¨hler potential, superpotential and D-term
potential are
T˜A = TA − (TA + T¯A) ∑
τ,s,m
1
24λ2(τ)
(C(τ,s))ma (C¯(τ,s))am
(TB(τ,m) + T¯B(τ,m))(TC(τ,m) + T¯C(τ,m))
, (3.43)
K = − 1
κ24
6∑
A=0
ln(T˜A + ¯˜TA) +
∑
τ,s,m
1
4λ2(τ)
[
(C(τ,s))ma + (C¯(τ,s))ma
] [
(C(τ,s))am + (C¯(τ,s))am]
(T˜B(τ,m) + ¯˜TB(τ,m))(T˜C(τ,m) + ¯˜TC(τ,m))
+
7
κ24
ln 2 ,
(3.44)
W =
1
24
∑
τ,s,m,n,p
κ24
λ2(τ)
fabcǫmnp(C(τ,s))am(C(τ,s))bn(C(τ,s))cp, (3.45)
Da = 2i
∑
τ,s,m
κ24
λ2(τ)
fabc
(C(τ,s))bm(C¯(τ,s))cm
(T˜B(τ,m) + ¯˜TB(τ,m))(T˜C(τ,m) + ¯˜TC(τ,m))
. (3.46)
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Fixed directions of ατ (B(τ, 1), C(τ, 1)) (B(τ, 2), C(τ, 2)) (B(τ, 3), C(τ, 3)) h(τ)
(1,2,3) (1,2) (3,4) (5,6) 0
(1,4,5) (0,2) (3,5) (4,6) 1
(1,6,7) (0,1) (3,6) (4,5) 2
(2,4,6) (0,4) (1,5) (2,6) 3
(2,5,7) (0,3) (1,6) (2,5) 4
(3,4,7) (0,6) (1,3) (2,4) 5
(3,5,6) (0,5) (1,4) (2,3) 6
Table 1: Values of the index functions (B(τ,m), C(τ,m)) and h(τ) that appear in the superfield
definitions, Ka¨hler potential, D-term potential and gauge-kinetic functions.
The index functions B(τ,m), C(τ,m) ∈ {0, . . . , 6} indicate by which two of the seven moduli the
matter fields are divided by in equations (3.43), (3.45) and (3.46). Their values depend only on the
generator index τ and the R-symmetry index m. They may be calculated from the formula
aB(τ,m)aC(τ,m) =
(
Rm(τ)
)2∏
AR
A∏
nR
n
(τ)
, (3.47)
where Rm(τ) denote the radii of the three-torus T 3(τ,s). The possible values of the index functions are
given in Table 1.
There is a universal gauge-kinetic function for each SU(Nτ ) gauge theory given by
f(τ) =
1
λ2(τ)
T˜ h(τ), (3.48)
where T˜ h(τ) is the modulus that corresponds to the volume of the fixed three-torus T 3(τ,s) of the
symmetry ατ . The value of h(τ) in terms of the fixed directions of ατ is given in Table 1.
3.4 Comparison with results for smooth G2 spaces
As mentioned in the introduction, one can construct a smooth G2 manifold YS by blowing up the
singularities of the G2 orbifold Y [9, 15, 13]. The moduli Ka¨hler potential for M-theory on this space
has been computed in Refs. [15, 13]. An outline of this calculation, together with the full result is
given in Appendix B. Here, we focus on the contribution from a single singularity, which gives
K = − 1
κ24
6∑
A=0
ln(TA + T¯A) +
2
NcΓκ24
∑
m
∑
i≤j
(∑j
k=i(U
km + U¯km)
)2
(Tm1 + T¯m1)(Tm2 + T¯m2)
+
7
κ24
ln 2 . (3.49)
Here, as usual, TA are the bulk moduli and U im are the blow-up moduli. As for the formula for
the singular manifold, the index m can be thought of as labelling the directions on the three-torus
transverse to the particular blow-up. Each blow-up modulus is associated with a two-cycle within
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the blow-up of a given singularity, and the index i, j, . . . = 1, . . . (N − 1) labels these. Finally, cΓ is
a constant, dependent on the orbifold group.
In computing the Ka¨hler potential (3.49), the M-theory action was taken to be 11-dimensional
supergravity, and so the result is valid when all the moduli, including blow-up moduli, are large
compared to the Planck length. Therefore, the above result for the Ka¨hler potential cannot be
applied to the orbifold limit, where Re(U im)→ 0. However, the corresponding singular result (3.37)
can be used to consider the case of small blow-up moduli. As discussed in the introduction, the
Abelian components of the matter fields Cim correspond to moduli associated with the blow-up of
the singularity, while the non-Abelian components correspond to membrane states that are massless
only in the singular limit. Blowing up the singularity is, from this point of view, described by turning
on VEVs for (the real parts of) the Abelian fields Cim along the D-flat directions. This, generically,
breaks the gauge group SU(N) to U(1)N−1 and only leaves the 3(N − 1) matter fields Cim massless.
This massless field content matches exactly the zero modes of the blown-up geometry. Therefore,
by switching off the non-Abelian components of Cam in equation (3.37), one obtains a formula for
the moduli Ka¨hler potential for M-theory on YS with small blow-up moduli. At first glance this
is slightly different from the smooth result (3.49) which contains a double-sum over the Abelian
gauge directions. However, we can show that they are actually equivalent. First, we identify the
bulk moduli TA in (3.49) with T˜A in (3.37). One obvious way of introducing a double-sum into the
singular result (3.37) is to introduce a non-standard basis Xi for the Cartan sub-algebra of SU(N),
which introduces a metric
κij = tr(XiXj) . (3.50)
Neglecting an overall rescaling of the fields, identification of the smooth and singular results for K
then requires the identity
∑
i,j
κij(Cim + C¯im)(Cjm + C¯jm) =
∑
i≤j
(
j∑
k=i
(U (k,m) + U¯ (k,m))
)2
(3.51)
to hold. So far we have been assuming the canonical choice κij = δij , which is realised by the
standard generators
X1 =
1√
2
diag(1,−1, 0, . . . , 0) , X2 = 1√
6
diag(1, 1,−2, 0, . . . , 0) , · · · ,
XN−1 =
1√
N(N − 1)diag(1, 1, . . . , 1,−(N − 1)) . (3.52)
Clearly, the relation (3.51) cannot be satisfied with a holomorphic relation between fields for this
choice of generators. Instead, from the RHS of Eq. (3.51) we need the metric κij to be
κij =
{
(N − j)i , i ≤ j ,
(N − i)j , i > j . (3.53)
From Eq. (3.51) this particular metric κij is positive definite and, hence, there is always a choice of
generators Xi which reproduces this metric via Eq. (3.50). For the simplest case N = 2, there is only
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one generator X1 and the above statement becomes trivial. For the N = 3 case, a possible choice
for the two generators X1 and X2 is
X1 = diag(0,−1, 1) , X2 = diag(1, 0,−1) . (3.54)
Physically, these specific choices of generators tell us how the Abelian group U(1)N−1 which appears
in the smooth case is embedded into the SU(N) group which is present in the singular limit.
4 Symmetry Breaking and Discussions
In this section, we will consider more general background configurations than those discussed in
Section 3. We can investigate the effects of such phenomena as flux vacua and Wilson lines and
in addition, we can study how gauge symmetry is broken in these configurations. In particular, we
would like to examine the explicit symmetry breaking patterns obtained through Wilson lines, and
the effects of G- and F -flux on our four-dimensional theory. We will also briefly explore how to
express the super-Yang-Mills sector in the language of N = 4 supersymmetry, a rephrasing that will
yield new insight into the structure of our theory close to a singular point in the G2 space.
4.1 Wilson lines
We would now like to discuss breaking of the SU(N) gauge symmetry through inclusion of Wilson lines
in the internal three-torus T 3. Let us briefly recall the main features of Wilson-line breaking [40]–
[43]. A Wilson line is a configuration of the (internal) gauge field Aa with vanishing associated field
strength. For a non-trivial Wilson-line to be possible, the first fundamental group, π1, of the internal
space needs to be non-trivial, a condition satisfied in our case, as π1(T 3) = Z3. Practically, a Wilson
line around a non-contractible loop γ can be described by
Uγ = P exp
(
−i
∮
γ
XaA
a
mdx
m
)
(4.1)
where Xa are the generators of the Lie algebra of the gauge group, G. This expression induces a
group homomorphism, γ → Uγ , between the fundamental group and the gauge group of our theory.
We can explicitly determine the possible symmetry breaking patterns by examining particular
embeddings (that is, choices of representation) of the fundamental group into the gauge group. For
convenience, we will focus on gauge groups SU(N), where N = 2, 3, 4, 6, since these are the gauge
groups known to arise from explicit constructions of G2 orbifolds [15]. For example, we may choose
a representation for π1(T 3) = Z3 in the following way. Let a generic group element of Z3 be given
by a triple of integers (taking addition as the group multiplication),
g = (n,m, p) . (4.2)
Then we may embed this in SU(4) as
g =
 ein12×2 1
e−2in
 (4.3)
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which will clearly break the symmetry to SU(2) × U(1) × U(1). There is, however, a great deal of
redundancy in these choices of embedding and the homomorphisms we define are clearly not unique.
For example, we could have alternately chosen the map so as to take g to an element in the subgroup
SU(2)× SU(2)×U(1), say
g =
 (−1)n12×2 eim
e−im
 , (4.4)
which would also break SU(4) to SU(2) × U(1) × U(1). A nice example of the types of reduced
symmetry possible with Wilson lines is given by the following embedding of Z3 into SU(6) : ein12×2 e−2in3 13×3
1
 . (4.5)
This breaks SU(6) to the subgroup SU(3)×SU(2)×U(1)×U(1), which contains the symmetry group
of the Standard Model. (Though even in this case, our theory does not contain the particle content
of the Standard Model.)
Having given a number of examples, we can now classify in general, which unbroken subgroups
of SU(N) are possible (using the group-theoretical tools provided in Ref. [44]). Clearly, the generic
unbroken subgroup is U(1)N−1, however, certain choices of embedding leave a larger symmetry group
intact. These special choices are of particular interest, but we may smoothly deform from such a
choice to a generic solution by varying a parameter in our embedding. For example, let the mapping
of a group element (n,m, p) in Z3 into SU(3) be given by
g =
 eiαm+ip eiαn+ip
e−iα(n+m)−2ip
 (4.6)
where the parameter α may be freely varied. For general values of α this embedding breaks to U(1)2,
however for α = 0 we may break to the larger group, SU(2)×U(1).
We find the Wilson lines can break the SU(N) symmetry group to any subgroup with the rank
N−1, with the generic choice being the Cartan algebra itself. In addition, by introducing a parameter,
as in the above SU(3) example, any of the possible breakings can be continuously deformed to the
generic breaking. The results for all possible unbroken gauge groups are summarised in Table 2.
Note that the Cartan subgroups are included as the last entries for each of the gauge groups. (For
other examples of Wilson lines in G2 spaces see, for example, Refs. [26], [31].)
It is worth noting briefly that we can view this symmetry breaking by Wilson lines in an alternate
light in four-dimensions. Rather than consider a seven-dimensional compactification andWilson lines,
we could obtain the same results by turning on VEVs for certain directions of the scalar fields in
our four-dimensional theory1. For example, if we give generic VEVs to all the Abelian directions of
the scalar fields in Eq. (3.31) we can break the symmetry to a purely Abelian gauge group. This
corresponds to a generic embedding in the Wilson line picture. Likewise, we can obtain the larger
symmetry groups listed in Table 2 by giving non-generic VEVs to the scalar fields.
1In fact, the scalars which directly correspond to Wilson lines in seven dimensions are the axionic, Abelian parts of
the fields Cam.
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Gauge Group Residual Gauge Groups from Wilson lines
SU2 U1
SU3 SU2 ×U1, U21
SU4 SU3 ×U1, SU2 ×U21, SU22 ×U1, U31
SU6 SU5 ×U1, SU4 ×U21, SU2 × SU3 ×U21, SU22 ×U31, SU2 ×U41,
SU3 ×U31, SU2 × SU4 ×U1, SU32 ×U21, SU23 ×U1, U51
Table 2: The symmetry group reductions in the presence of Wilson lines
4.2 G- and F -Flux
The previous discussion of Wilson lines can be thought of as describing non-trivial background
configurations for which we still maintain the condition F = 0 on the field strength. However, to gain
a better understanding of the possible vacua and their effects, we need to consider the contributions
of flux both from bulk and seven-dimensional field strengths. Let us start with a bulk flux GY for the
internal part 2 of the M-theory four-form field strength G. For M-theory compactifications on smooth
G2 spaces this was discussed in Ref. [12]. In our case, all we have to do is modify this discussion
to include possible effects of the singularities and their associated seven-dimensional gauge theories.
However, inspection of the seven-dimensional gauge field action (2.9) shows that a non-vanishing
internal GY will not generate any additional contributions to the four-dimensional scalar potential,
apart from the ones descending from the bulk. Hence, we can use the standard formula [12]
W =
1
4
∫
Y
(
1
2
C + iϕ
)
∧GY , (4.7)
where Y is a general seven-dimensional manifold of G2 holonomy, C is the 3-form of 11-dimensional
supergravity and ϕ is the G2-structure of X. For a completely singular G2 space, where the torus
moduli TA are the only bulk moduli, this formula leads to a flux superpotential
W ∼ nATA , (4.8)
with flux parameters nA, which has to be added to the “matter field” superpotential (3.40). If
some of the singularities are blown up we also have blow-up moduli U im and the flux superpotential
contains additional terms, thus
W ∼ nATA + nimU im . (4.9)
We now turn to a discussion of the seven-dimensional SYM theory at the singuarity. First, it is
natural to ask whether the matter field superpotential (3.40) can also be obtained from a Gukov-type
formula, analogous to Eq. (4.7), but with an integration over the three-dimensional internal space on
which the gauge theory is compactified. To this end, we begin by defining the complexified internal
gauge field
Ca = ρamdxm + ibamdxm . (4.10)
2We do not discuss flux in the external part of G.
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It is worthwhile to note at this stage, that writing the real parts of these fields (which are scalar
fields in the original seven-dimensional theory) as forms is, in fact, an example of the procedure
referred to as ‘twisting’ [45, 3]. In this particular case, the twisting amounts to identifying the R-
symmetry index (m = 1, 2, 3) of our original seven-dimensional supergravity with the tangent space
indices of the three-dimensional compact space, T 3. A plausible guess for the Gukov-formula for
the seven-dimensional gauge theory is an expression proportional to the integral of the complexified
Chern-Simons form
ωCS =
(
Fa ∧ Ca − 1
3
fabcCa ∧ Cb ∧ Cc
)
(4.11)
over the three-dimensional internal space [32]. Here, F is the complexified field strength
Fa = dCa + fabcCb ∧ Cc. (4.12)
Indeed, if we specialise to the case of vanishing flux, that is dCa = 0, our matter field superpoten-
tial (3.40) is exactly reproduced by the formula
W =
κ24
16λ24
1
v3
∫
T 3
ωCS . (4.13)
To see that Eq. (4.13) also correctly incorporates the contributions of F -flux, we can look at the
following simple example of an Abelian F -flux. Let the Abelian parts of the gauge field strength, F i,
be expanded in a basis of the harmonic two-forms, ωm =
1
2ǫmnpdx
n∧dxp, on the internal three-torus
T 3, as
F i = f imωm , (4.14)
where f im are flux parameters. Substituting this expression into the seven-dimensional bosonic
action (2.9) and performing a compactification on T 3 we find a scalar potential which, taking into
account the Ka¨hler potential (3.37), can be reproduced from the superpotential
W =
κ24
8λ24
fimCim . (4.15)
This superpotential is exactly reproduced by the Gukov-type formula (4.13) which, after substituting
the flux Ansatz (4.14), specialises to its Abelian part. Hence, the formula (4.13) correctly reproduces
the matter field superpotential as well as the superpotential for Abelian F -flux. The explicit Gukov
formula for multiple singularities is analogous to Eq. (4.13), with an additional sum to run over all
singularities as in Eq. (3.45). We also note that the F -flux superpotential (4.15) is consistent with
the blow-up part of the G-flux superpotential (4.9) when the identification of the Abelian scalar
fields Cim with the blow-up moduli U im is taken into account.
4.3 Relation to N=4 Supersymmetric Yang-Mills Theory
In the previous sections we have explored aspects and modifications of the four-dimensional N = 1
effective theory. We shall now take a step back and look at the theory without flux, rephrasing it
in order to provide us with several new insights. The M-theory compactification discussed in the
previous sections is clearly N = 1 supersymmetric, by virtue of our choice to compactify on a G2
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holonomy space. However, if we neglect the gravity sector (that is, in particular hold constant the
moduli TA) the remaining theory is N = 4 super-Yang-Mills theory, an expected outcome since
we are compactifying the seven-dimensional SYM theory on a three-torus. We will now make this
connection more explicit by matching the Yang-Mills part of our four-dimensional effective theory
with N = 4 SYM theory in its standard form. This connection is of particular interest since N = 4
SYM theory is of central importance in many current aspects of string theory, particularly in the
context of the AdS/CFT conjecture [46]. We will begin with a brief review of the central features of
N = 4 Yang-Mills theory itself before identifying this structure in our M-theory compactification.
In addition to a non-Abelian gauge symmetry (given in our case by SU(N)), the N = 4 SYM
Lagrangian in four-dimensions is equipped with an internal O(6) ∼ SU(4) R-symmetry. In terms of
N = 1 language its field content consists of Yang-Mills multiplets (Aaµ, λa), where a is a gauge index,
and a triplet of chiral multiplets (Aam + iB
a
m, χ
a
m) per gauge multiplet, where A
a
m and B
a
m are real
scalars, χam are Weyl fermions and m,n, . . . = 1, 2, 3. All we require in order to identify fields is the
bosonic part of the N = 4 Lagrangian which is given by [47, 48, 49]
LN=4 = − 1
4g2
GaµνG
µν
a +
θ
64π2
ǫµνρσGaµνGaρσ −
1
2
(
DµAamDµAma −
1
2
DµBamDµBma
)
+
g2
4
tr ([Am, An][A
m, An] + [Bm, Bn][B
m, Bn] + 2[Am, Bn][A
m, Bn]) . (4.16)
With these N = 4 definitions in mind, we turn now to the four-dimensional effective theory (3.29)–
(3.31) derived in the previous sections and consider the case where the gravity sector is neglected
and the geometric moduli are held constant. This is the situation when we are in the neighbourhood
of a singular point on the G2 space and we are neglecting all bulk contributions. By inspection, we
need the following field identifications
Ama =
1
λ4
√
am1am2
ρma , (4.17)
Bma =
1
λ4
√
am1am2
bma , (4.18)
Gaµν = F
a
µν . (4.19)
The N = 4 coupling constants are related to the N = 1 constants by
g2 =
λ24
a0
, θ =
8π2ν0
λ24
. (4.20)
With these identifications, Eqs. (3.29)-(3.31) exactly reproduce Eq. (4.16).
We can now consider the Montonen-Olive and S-duality conjecture [50] in the context of our
theory. This duality acts on the complex coupling
τ ≡ θ
2π
− 4πi
g2
(4.21)
by the standard SL(2,Z) transformation
τ → aτ + b
cτ + d
(4.22)
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with ad − bc = 1 and a, b, c, d ∈ Z. Note that these transformations contain in particular τ → − 1τ ,
an interchange of strong and weak coupling. Specifically, the S-duality conjecture is the statement
that a N = 4 Yang-Mills theory with parameter τ as defined above and gauge group G, is identical
to the theory with coupling parameter transformed as in (4.22) and the dual gauge group, Ĝ. Note
that here “dual group” refers to the Langlands dual group, (which for G = SU(N), is given by
Ĝ = SU(N)/ZN ) [51].
When we consider the above transformations within the context of our theory, several interesting
features emerge immediately. With the field identifications in Eq. (4.17)–(4.20) we have
τ = −4πiT˜
0
λ24
. (4.23)
Therefore, the shift symmetry τ → τ + b is equivalent to an axionic shift of T˜ 0 and τ → − 1τ is given
by T˜ 0 → 1
T˜ 0
. Since Re(T 0) = a0 describes the volume of the torus, T 3, S-duality in the present
context is really a form of T-duality.
Bearing in mind this behavior in the Yang-Mills sector, we turn now to the gravity sector. In
a toroidal compactification of M-theory the T-duality transformation of T˜ 0 would be part of the
U-duality group [52] and would, therefore, be an exact symmetry. One may speculate that this is
still the case for our compactification on a G2 orbifold and we proceed to analyse the implications of
such an assumption. Examining the structure of our four-dimensional effective theory (3.29)–(3.31)
we see that the expressions for K,W and D are indeed invariant under axionic shifts of T˜ 0. However,
it is not so clear what happens for T˜ 0 → 1
T˜ 0
. An initial inspection of Eqs. (3.29)–(3.31) shows that
while the Ka¨hler potential changes by
δK ∼ ln
(
T˜ 0 ¯˜T 0
)
, (4.24)
the kinetic terms and superpotential will remain unchanged. In order for the whole supergravity
theory to be invariant we need the supergravity function G = K + ln |W |2 to be invariant. However
as stands, with the T˜ 0 independent superpotential (3.40) this is clearly not the case. One should,
however, keep in mind that this superpotential is valid only in the large radius limit and can,
therefore, in principle be subject to modifications for small Re(T 0). Such a possible modification
which would make the supergravity function G invariant and reproduce the large-radius result (3.40)
for large Re(T 0) is given by
W → h(T˜ 0)W, (4.25)
where
h(T˜ 0) =
1
η2(iT˜ 0)
(
j(iT˜ 0)− 744
)1/12 (4.26)
and η and j are the usual Dedekind η-function and Jacobi j-function. For large Re(T 0) the function
h can be expanded as
h(T˜ 0) = 1 + 2e−2piT˜
0
+ . . . . (4.27)
Recalling that Re(T 0) measures the volume of the singular locus T 3, the above expansion suggests
that the function h may arise from membrane instantons wrapping this three-torus. It would be
interesting to verify this by an explicit membrane instanton calculation along the lines of Ref. [11].
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It is well known that there are two dynamical phases in N = 4 Yang-Mills theory in four-
dimensions [49]. A supersymmetric ground state of the N = 4 theory is attained when the full scalar
potential in Eq. (4.16) vanishes. This is equivalent to the condition[
Zam, Zbn
]
= 0 (4.28)
with Zam = Aam + iBam. There are two classes of solutions to this equation. The first, the
“superconformal phase”, corresponds to the case where 〈Zam〉 = 0 for all a,m. The gauge symmetry
is unbroken for this regime, as is the superconformal symmetry. In the present context, this phase
corresponds to the neighbourhood of a C2/ZN singularity in which the full SU(N) symmetry is
present. As a result of the N = 4 supersymmetry in the gauge sector, this phase will not be
destabilised by low-energy gauge dynamics and, hence, the theory will not be driven away from the
orbifold point by such effects. However, one can also expect a non-perturbative moduli superpotential
from membrane instantons [11] whose precise form for small blow-up cycles is unknown. It would
be interesting to investigate whether such membrane instanton corrections can stabilise the system
at the orbifold point or whether they drive it away towards the smooth limit.
The second phase, called the “Coulomb phase” (or spontaneously broken phase) corresponds to
the flat directions of the potential where Eq. (4.28) is satisfied for 〈Zam〉 6= 0. The dynamics depend
upon the amount of unbroken symmetry. For generic breaking, SU(N) is reduced to U(1)N−1. If this
breaking is achieved through non-trivial VEVs in the Aam directions it corresponds, geometrically,
to blowing up the singularity in the internal G2 space.
5 Conclusion and outlook
In this paper we have constructed, for the first time, the explicit four-dimensional effective supergrav-
ity action for M-theory on a singular G2 manifold. The class of G2 manifolds for which our results
are valid consists of quotients of seven-tori by discrete symmetry groups that lead to co-dimension
four singularities, around which the manifold has the structure T 3 × C2/ZN . Breaking the SU(N)
gauge theory, generically to U(1)N−1, by assigning VEVs to (the real parts) of the chiral multiplets
along D-flat directions can be interpreted as an effective four-dimensional description of blowing up
the orbifold. We have used this interpretation to compare our result for the G2 orbifold with its
smooth counterpart obtained in earlier papers [13, 15]. We find that, subject to choosing the correct
embedding of the Abelian group U(1)N−1 into SU(N), the results for the Ka¨hler potentials match
exactly. This result seems somewhat surprising given that there does not seem to be a general reason
why the smooth Ka¨hler potential should not receive corrections for small blow-up moduli when the
supergravity approximation breaks down. At any rate, our result allows us to deal with M-theory
compactifications close to and at the singular limit of co-dimension four A-type singularities. This
opens up a whole range of applications, for example, in the context of wrapped branes and their
associated low-energy physics.
An interesting extension of the work presented here would be to attempt a more general com-
pactification of M-theory on a G2 manifold whose singular loci are different from T 3. This would
allow a reduction of the N = 4 supersymmetry in the gauge theory sub-sector to N = 1, giving rise
to richer infrared gauge dynamics.
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In continuing a programme for M-theory phenomenology, we aim to explicitly include conical sin-
gularities into these models, thereby incorporating charged chiral matter. This problem is currently
under investigation.
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Appendix
A Review of orbifold based G2 manifolds
A.1 Construction and Classification of G2 Orbifolds
Let us give a brief definition of what a G2 manifold is so that we can describe the general idea [9]
of how to construct compact G2 orbifolds and manifolds. A G2 manifold is a seven-dimensional
Riemannian manifold admitting a globally defined torsion free G2 structure [9]. A G2 structure is
given by a three-form ϕ which can be written locally as
ϕ = dx1 ∧ dx2 ∧ dx3 + dx1 ∧ dx4 ∧ dx5 − dx1 ∧ dx6 ∧ dx7 + dx2 ∧ dx4 ∧ dx6
+dx2 ∧ dx5 ∧ dx7 + dx3 ∧ dx4 ∧ dx7 − dx3 ∧ dx5 ∧ dx6 . (A.1)
The G2 structure is torsion-free if ϕ satisfies dϕ = d ∗ϕ = 0. A G2 manifold has holonomy G2 if and
only if its first fundamental group is finite.
Our starting point for constructing a compact manifold of G2 holonomy is an arbitrary seven-
torus T 7. We then take the quotient with respect to a finite group Γ contained in G2, such that
the resulting orbifold has finite first fundamental group. We shall refer to Γ as the orbifold group.
The result is a G2 manifold with singularities at fixed loci of elements of Γ. Smooth G2 manifolds
can then be obtained by blowing up the singularities. Loosely speaking, this involves removing a
patch around the singularity and replacing it with a smooth space of the same symmetry. Note that,
following this construction, the independent moduli will come from torus radii and from the radii
and orientation of cycles associated with the blow-ups.
We now review, following Ref. [15], a classification of orbifold-based, compact G2 manifolds in
terms of the orbifold group of the manifold. The classification deals with orbifold groups that lead
to a set of co-dimension four singularities, and that act in a prescribed way on the underlying lattice
that defines the seven-torus. Essentially, each orbifold group element acts by rotating two orthogonal
two-dimensional sub-lattices of the seven-dimensional lattice. Thus the matrix of an orbifold group
element takes the form
13×3 ⊕
(
cos θ1 − sin θ1
sin θ1 cos θ1
)
⊕
(
cos θ2 − sin θ2
sin θ2 cos θ2
)
(A.2)
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in some coordinate frame. In addition to a rotation, the symmetries can also contain a translation of
the coordinates of the torus. For such a symmetry to be compatible with a well-defined G2 structure
on the orbifold, it must be possible to embed the symmetry in SU(2), and thus we must have
θ2 = ±θ1. Such symmetries are only compatible with a seven-torus if |θ1| = 2π/N for N = 2, 3, 4 or
6.
Using the class of possible generators, one can obtain a class of discrete symmetry groups from
which compact manifolds of G2 holonomy may be constructed. The conditions for some group Γ to
be suitable are that there must exist both a seven-dimensional torus T 7 and G2 structure ϕ preserved
by Γ, and also that the first fundamental group of the orbifold T 7/Γ is finite. There are no suitable
orbifold groups with fewer than three generators. The class found in Ref. [15] lists all possibilities
with precisely three-generators. Let us present these groups in a form such that they preserve the
particular G2 structure (A.1). Define
RN = 13×3 ⊕
(
cos(2π/N) − sin(2π/N)
sin(2π/N) cos(2π/N)
)
⊕
(
cos(2π/N) − sin(2π/N)
sin(2π/N) cos(2π/N)
)
, (A.3)
PN = (1)⊕
(
cos(2π/N) − sin(2π/N)
sin(2π/N) cos(2π/N)
)
⊕
(
cos(2π/N) sin(2π/N)
− sin(2π/N) cos(2π/N)
)
⊕ 12×2 , (A.4)
Q0 = diag(−1, 1,−1, 1,−1, 1,−1) , (A.5)
Q1 = diag(−1,−1, 1, 1,−1,−1, 1) , (A.6)
Q2 : (x1, x2, x3, x4, x5, x6, x7) 7→ (−x7, x2,−x5, x4, x3, x6, x1) , (A.7)
Q3 : (x1, x2, x3, x4, x5, x6, x7) 7→ (x3, x2,−x1, x4, x7, x6,−x5) , (A.8)
Q4 : (x1, x2, x3, x4, x5, x6, x7) 7→ (−x1,−x2, x3,−x4, x5, x6,−x7) , (A.9)
Q5 : (x1, x2, x3, x4, x5, x6, x7) 7→ (x1,−x3, x2, x5,−x4, x6, x7) , (A.10)
Q6 : (x1, x2, x3, x4, x5, x6, x7) 7→ (x1,−x5, x4,−x3, x2, x6, x7) . (A.11)
Then, one can take as generators Q0 with one of the P s and one of the Rs to obtain the following
orbifold groups:
Z2 × Z2 × Z2,
Z2 ⋉ (Z2 × Z3) ,
Z2 ⋉ (Z2 × Z4) ,
Z2 ⋉ (Z2 × Z6) ,
Z2 ⋉ (Z3 × Z3) ,
Z2 ⋉ (Z3 × Z6) ,
Z2 ⋉ (Z4 × Z4) ,
Z2 ⋉ (Z6 × Z6) .
(A.12)
One can take Q0 with Q1 and one of the Rs to obtain
Z
2
2 ⋉ ZN , N = 3, 4 or 6. (A.13)
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Lastly, there are five other, more complicated groups, constructed as follows:
E1 =: 〈P2, Q2, R4 | [P2, Q2] = 1, [P2, R4] = 1, Q22R4Q22 = R−14 〉, (A.14)
E2 =: 〈P2, Q3, R4 | [P2, Q3] = Q23, [P2, R4] = 1, Q23R4Q23 = R−14 〉, (A.15)
E3 =: 〈Q4, Q3, R4 | [Q4, Q3] = Q23, [Q4, R4] = R24, Q23R4Q23 = R−14 〉, (A.16)
E4 =: 〈Q5, Q3, R4 |Q25Q3Q25 = Q−13 , [Q5, R4] = 1, Q23R4Q23 = R−14 〉, (A.17)
E5 =: 〈Q6, Q3, R4 |Q26Q3Q26 = Q−13 , Q26R4Q26 = R−14 , Q23R4Q23 = R−14 〉. (A.18)
Note that since we should really be thinking of orbifold group elements as abstract group elements
as opposed to matrices, the commutator is defined here by [g, h] = g−1h−1gh.
A.2 Properties of a class of G2 manifolds
In this sub-section we discuss properties of a general G2 orbifold Y = T 7/Γ with co-dimension four
fixed points, and a few details of its blown up analogue YS. We assume that points on the torus that
are fixed by one generator of the orbifold group are not fixed by other generators. Given an orbifold
group, this can always be arranged by incorporating appropriate translations into the generators,
and thus all of the examples of the previous sub-section are relevant. Under this assumption we have
a well-defined blow-up procedure.
We begin then by discussing the orbifold Y = T 7/Γ. Let us consider the homology. There are no
one-cycles on a G2 manifold. If Γ is one of the orbifold groups listed in Section A.1 then there are
no two-cycles consistent with its symmetries. We will allow for more general orbifold groups Γ in
the following and indeed the main part of the paper as long as they satisfy this condition. It is then
three-cycles that carry the important information about the geometry of the space. Let us define
three-cycles by setting four of the coordinates xA to constants (chosen so there is no intersection
with any of the singularities). The number of these that fall into distinct homology classes is then
given by the number of independent terms in the G2 structure. Let us explain this statement. The
G2 structure can always be chosen so as to contain the seven terms of the standard G2 structure
(A.1), with positive coefficients multiplying them. If we write RA for the coefficient in front of the
(A+ 1)th term in Eq. (A.1), then by the number of independent terms we mean the number of RAs
that are not constrained by the orbifolding. We then write CA for the cycle obtained by setting the
four coordinates on which the (A+ 1)th term in (A.1) does not depend to constants, for example,
C0 = {x4, x5, x6, x7 = const}. (A.19)
A pair of CAs for which the corresponding RAs are independent then belong to distinct homology
classes. There is therefore some subset C of {CA} that provides a basis for H3(Y,Z). We can con-
clude that the third Betti number b3 is dependent on the orbifold group Γ and is in all cases a
positive integer less than or equal to seven. For the class of orbifold groups obtained in Section A.1
it takes values as given in Table 3. A description of the derivation is given in the discussion below
on constructing a G2 structure on Y.
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Γ b3(Γ)
Z2 × Z2 × Z2 7
Z2 ⋉ (Z2 × Z3) 5
Z2 ⋉ (Z2 × Z4) 5
Z2 ⋉ (Z2 × Z6) 5
Z2 ⋉ (Z3 × Z3) 4
Z2 ⋉ (Z3 × Z6) 4
Z2 ⋉ (Z4 × Z4) 4
Z2 ⋉ (Z6 × Z6) 4
Z
2
2 ⋉ Z3 5
Z
2
2 ⋉ Z4 5
Z
2
2 ⋉ Z6 5
E1 3
E2 3
E3 3
E4 2
E5 1
Table 3: Third Betti numbers of T 7/Γ for different orbifold groups
We now present the most general Ricci flat metric and G2 structure on Y. Given there are by
assumption no invariant two-forms, the symmetries restrict the metric to be diagonal, and thus
ds2 =
7∑
A=1
(RAdxA)2, (A.20)
where the RA are precisely the seven radii of the torus.
Under a suitable choice of coordinates the G2 structure is obtained from the flat G2 structure
(A.1) by rescaling xA → RAxA, leading to
ϕ = R1R2R3dx1 ∧ dx2 ∧ dx3 +R1R4R5dx1 ∧ dx4 ∧ dx5 −R1R6R7dx1 ∧ dx6 ∧ dx7
+R2R4R6dx2 ∧ dx4 ∧ dx6 +R2R5R7dx2 ∧ dx5 ∧ dx7 +R3R4R7dx3 ∧ dx4 ∧ dx7
−R3R5R6dx3 ∧ dx5 ∧ dx6. (A.21)
For the orbifolding to preserve the metric some of the RA must be set equal to one another. It is
straightforward to check that if one of the orbifold symmetries α involves a rotation in the (A,B)
plane by an angle not equal to π, then we must set RA = RB. Following this prescription, it is easy
to find b3 in terms of the orbifold group Γ.
To complete our description of Y, we briefly mention its singularities. Recall that we are as-
suming that points on the torus fixed by one generator of the orbifold group are not fixed by other
generators. Thus, if we use the index τ to label the generators of the orbifold group, which each
have a certain number Mτ of fixed points associated with them, then the singularities of Y can be
26
labelled by the pair (τ, s), where s = 1, . . . ,Mτ . Near a singular point we can then describe Y by
saying it has the approximate form T 3(τ,s) × C2/ZNτ , where T 3(τ,s) is a three-torus.
We now move on to discuss the smooth G2 manifold YS, constructed by blowing up the sin-
gularities of Y. Blowing up a singularity heuristically involves the following. One firstly removes
a four-dimensional ball centred around the singularity times the associated fixed three-torus T 3(τ,s).
Secondly one replaces the resulting hole by T 3(τ,s) × U(τ,s), where U(τ,s) is the blow-up of C2/ZNτ , as
discussed in Ref. [15]. The blow-up U(τ,s) has the same symmetry as C
2/ZNτ and is derived from a
Gibbons-Hawking space (or gravitational multi-instanton) which approaches C2/ZNτ asymptotically.
Specifically, the central region of U(τ,s) looks exactly like Gibbons-Hawking space, while the outer
region looks exactly like C2/ZNτ . Between the central and outer region U(τ,s) can be thought of as
interpolating between Gibbons-Hawking space and flat space. In this way, YS remains smooth as
one moves in or out of a blow-up region.
Gibbons-Hawking spaces provide a generalization of the Eguchi-Hanson space and their different
topological types are labelled by an integer N (where the case N = 2 corresponds to the Eguchi-
Hanson case). While the Eguchi-Hanson space contains a single two-cycle, the N th Gibbons-Hawking
space contains a sequence γ1, . . . , γN−1 of such cycles at the “centre” of the space. Only neighbouring
cycles γi and γi+1 intersect and in a single point and, hence, the intersection matrix γi ·γj equals the
Cartan matrix of AN−1. Asymptotically, the N
th Gibbons-Hawking space has the structure C2/ZN .
Accordingly, we take N = Nτ when blowing up C
2/ZNτ .
The blown-up singularity T 3(τ,s)×U(τ,s) contributes Nτ − 1 two-cycles and 3(Nτ − 1) three-cycles
to the homology of YS. The two-cycles are simply the two-cycles on U(τ,s), while the three-cycles are
formed by taking the Cartesian product of one of these two-cycles with one of the three one-cycles
on T 3(τ,s). We can label these three-cycles by C(τ, s, i,m), where i labels the two-cycles of U(τ,s) and
m labels the direction on T 3(τ,s). We deduce the following formula for the third Betti number of YS:
b3(YS) = b3(Γ) +
∑
τ
Mτ · 3(Nτ − 1). (A.22)
On one of the blow-ups T 3×U (for convenience we suppress τ and s indices) we use coordinates
ξm on T 3 and complex coordinates zp, p = 1, 2 on U . We write Rm to denote the three radii of T 3,
which will be the three RA in the directions fixed by α. The G2 structure can be written as
ϕ =
∑
m
ωm (zp, b1, . . . , bNτ ) ∧Rmdξm −R1R2R3dξ1 ∧ dξ2 ∧ dξ3. (A.23)
Here the bi are a set of three-vectors, which parameterize the size of the two-cycles within the
Gibbons-Hawking space, and also their orientation with respect to the bulk. The ωm are a triplet
of two-forms that constitute a “nearly” hyperka¨hler structure on U . This G2 structure makes a
slight deviation from being torsion free in the region in which the space U is interpolating between
Gibbons-Hawking space and flat space. However, for sufficiently small blow-up moduli and a smooth
and slowly varying interpolation this deviation is small [15, 13]. Consequently, this G2 structure
can reliably be used in M-theory calculations that work to leading non-trivial order in the blow-up
moduli.
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The metric corresponding to the G2 structure (A.23) takes the form
ds2 = G0dζ2 +
3∑
m=1
Gm(dξm)2, (A.24)
where dζ is the line element on U , and the Gs are conformal factors whose product is equal to 1.
B Reduction of M-theory on a G2 manifold
In this section we briefly review the reduction of M-theory on a smooth G2 manifold, and then give
a formula for the Ka¨hler potential for M-theory on the orbifold based G2 manifolds we have been
discussing.
On a G2 manifold X, there is an isomorphism between torsion-free G2 structures and Ricci flat
metrics (see for example Ref. [13]). Thus Ricci-flat deformations of the metric can be described by
the torsion-free deformations of the G2 structure and, hence, by the third cohomology H
3(X,R).
Consequently, the number of independent metric moduli is given by the third Betti number b3(X).
To define these moduli explicitly, we introduce to X an integral basis {CA} of three-cycles, and a
dual basis {ΦA} of harmonic three forms satisfying∫
CA
ΦB = δ
A
B , (B.1)
where A,B, . . . = 1, . . . , b3(X). We can then expand the torsion-free G2 structure ϕ as
ϕ =
∑
A
aAΦA. (B.2)
Then, by equation (B.1), the aA can be computed in terms of certain underlying geometrical param-
eters by performing the period integrals
aA =
∫
CA
ϕ. (B.3)
Let us also introduce an integral basis {DI} of two-cycles, where I, J, . . . = 1, . . . b2(X), and a
dual basis {ωI} of two-forms satisfying ∫
DI
ωJ = δ
I
J . (B.4)
Then, the three-form field C of 11-dimensional supergravity can be expanded in terms of the basis
{ΦA} and {ωI} as
C = νAΦA +A
IωI . (B.5)
The expansion coefficients νA represent b3(X) axionic fields in the four-dimensional effective theory,
while the Abelian gauge fields AI , with field strengths F I , are part of b2(X) Abelian vector multiplets.
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Fixed directions of ατ (A(τ, 1), B(τ, 1)) (A(τ, 2), B(τ, 2)) (A(τ, 3), B(τ, 3))
(1,2,3) (1,2) (3,4) (5,6)
(1,4,5) (0,2) (3,5) (4,6)
(1,6,7) (0,1) (3,6) (4,5)
(2,4,6) (0,4) (1,5) (2,6)
(2,5,7) (0,3) (1,6) (2,5)
(3,4,7) (0,6) (1,3) (2,4)
(3,5,6) (0,5) (1,4) (2,3)
Table 4: Values of the index functions (A(τ,m), B(τ,m)) that appear in the Ka¨hler potential.
The νA pair up with the metric moduli aA to form the bosonic parts of b3(X) four-dimensional chiral
superfields
TA = aA + iνA. (B.6)
Using general properties of G2 manifolds, it was shown in Ref. [12] that the Ka¨hler metric
descends from the Ka¨hler potential
K = − 3
κ24
ln
(
V
v7
)
, (B.7)
where V is the volume of X as measured by the dynamical Ricci flat metric g, and v7 is a reference
volume, thus
V =
∫
X
d7x
√
det g , v7 =
∫
X
d7x
√
det g0 . (B.8)
The four-dimensional Newton constant κ4 is related to the 11-dimensional version by
κ211 = κ
2
4v7 . (B.9)
Reduction of the Chern-Simons term of 11-dimensional supergravity by inserting the gauge field
part of (B.5) leads to the four-dimensional term [12]∫
M4
cAJKν
AF J ∧ FK , (B.10)
where the coefficients cAJK are given by
cAJK ∼
∫
X
ΦA ∧ ωJ ∧ ωK . (B.11)
This implies that the gauge-kinetic function fJK, which couples F
J and FK , takes the form
fJK ∼
∑
A
TAcAJK . (B.12)
For the case of a non-flux background, the superpotential and D-term potential vanish and thus the
Ka¨hler potential (B.7) and gauge-kinetic function (B.12) fully specify the four-dimensional effective
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theory.
Let us now present the Ka¨hler potential for M-theory on the orbifold based G2 manifold YS
described in the previous section. First we give the bulk metric moduli aA given by
aA =
∫
CA
ϕ, (B.13)
where the {CA} are those cycles described in Section A.2; for example C0 is given by (A.19). These
simply evaluate to
a0 = R1R2R3, a1 = R1R4R5, a2 = R1R6R7, a3 = R2R4R6,
a4 = R2R5R7, a5 = R3R4R7, a6 = R3R5R6.
(B.14)
Then the blow-up moduli, which are defined by
A(τ, s, i,m) =
∫
C(τ,s,i,m)
ϕ (B.15)
take the form
A(τ, s, i,m) ∼ Rm(τ)(b(τ,s,i,m) − b(τ,s,i+1,m)) (B.16)
where Rm(τ) denote the three radii of T 3(τ,s), and b(τ,s,i,m) are the parameters for the two-cycles within
the blow-ups, consistent with the notation of equation (A.23). We denote the superfields associated
with the bulk by TA and those associated with blow-ups by U (τ,s,i,m), so
Re(TA) = aA, Re(U (τ,s,i,m)) = A(τ, s, i,m). (B.17)
The Ka¨hler potential is given by the following formula, to leading non-trivial order in the blow-up
moduli, (taking a trivial reference metric g0 = 1):
K = − 1
κ24
6∑
A=0
ln(TA+ T¯A)+
2
cΓκ
2
4
∑
s,τ,m
1
Nτ
∑
i<j
(∑j−1
k=i(U
(τ,s,k,m) + U¯ (τ,s,k,m))
)2
(TA(τ,m) + T¯A(τ,m))(TB(τ,m) + T¯B(τ,m))
+
7
κ24
ln 2. (B.18)
The index functions A(τ,m), B(τ,m) ∈ {1, . . . , 7} indicate by which two of the seven bulk moduli
TA the blow up moduli U (τ,s,i,m) are divided in the Ka¨hler potential (B.18). Their values depend
only on the generator index τ and the orientation index m. They may be calculated from the formula
aA(τ,m)aB(τ,m) =
(
Rm(τ)
)2∏
AR
A∏
bR
b
(τ)
. (B.19)
The τ dependence is only through the fixed directions of the generator ατ and the possible values of
the index functions are given in Table 4. We remind the reader that in many cases some of the TAs
are identical to each other and should be thought of as the same field. One follows the prescription
given in Section A.2 to determine which of these are identical. For the orbifold groups Γ listed in
Section A.1, the number b3(Γ) of distinct TA is given in Table 3. Finally, cΓ is just a constant factor
that depends on the orbifold group.
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